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PURPOSE

To determine the effect of random fluctuations of the
magnetic field, radio frequency, and cavity voltage on the
growth of the phase area associated with synchrotron motion.
The synchrotron motion will be represented only in the linear

approximation. Application is made to booster.

EQUATIONS OF MOTION

The notations and formalism in a previous note on linear
synchrotron motionl will be employed. 1In order to introduce

fluctuations the reference motion is altered to the following:

. VHAV .
Wp = ~gqn Sin gy (1)

and

+Aw

bg = Blugrbug) = (upp+bugg) (2)

)
L 2
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where AV, AwR, and AwRF represent the instantaneous fluctuations
of the corresponding quantities from the desired values. The
change in angular orbital frequency AwR arises from a change

in the magnetic field according to

ow w W
- R _ -, AR _ "R Ap _ __RAB
Bwp = 5 AR = ~upTg 2 p 2 "B’ (3)
Yep Yo

where Y is gamma at the transition energy and B the azimuthally
averaged magnetic field. An analysis similar to that previously
employedl gives

VCOS¢R AVsin¢R

J="—Zm "t T2wn (4)
and
. hzwéKR
n=—g J - hAwR + AwRF (5)
R
for the synchrotron motion (J,n). Changing the independent
variable to
t hzwﬁmR
g = l ———= dt (6)
E
o} R

and designating differentiation with respect to s by a prime,

Egs. (4-5) become

J'" = -KEn + F (7
and

TI'=J+G: (8)

where
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E AVsin¢R

F='T'""", (10)

21h wRKR

S e WY At (11)
22 |2 B RrF|
R T

R

FORMAL SOLUTION OF EQUATIONS OF MOTION

Two real independent solutions of the homogeneous equations
will be used as integrating factors for the inhomogeneous

equations. Thus let

g, = -Kng ny = Jq (12)
3, = -Kn, ny = J, (13)
These solutions possess the property that anl - nlJ2 is a
constant. Choose the solutions such that
anl - nlJ2 = 1, (14)

Multiply Eg. (4) by nys EQ. (5) by Jqys integrate each by parts
and subtract. Similarly multiply Eq. (4) by N, EQ. (5) by Jo
integrate each by parts and subtract. The results may be put

in the form

nlJ - Jln = Xl + Hl (15)
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and
an - Jzn = X2 + H2, (16)
where
Xl = ﬂl(O)J(O) - Jl(D)n(O), (17)
X, = n,(0)3(0) - 3,(0)n(0), (18)
s s
Hy = I ands - [ JlGds, (19)
o o
and
5 s
H2 = J ndes - I J2Gds. (20)
o o

simultaneous solution of Egs. (15-16) for J and n gives

J

Jl(X2+H2) - J2(X1+Hl) {21)

and

=
Il

GROWTH IN PHASE AREA DUE TO RANDOM FLUCTUATIONS

The invariant W associated with the homogeneocus equationsl
evaluated using the solutions of the inhomogeneous equations
will increase with time because of the perturbations F and G.
In order to have W represent motion matched to the small ampli-

tude bucket shape one chooses

g = n? + 3 (23)



~5- FN-245

0302
Then
o = %8 = =(n;J,+n,J,) (24)
2 171 272
and
1 2, _ 2 2
Y = B(1+u ) = Jl + J2 . (25)
This last equation is evident only after employing Eg. (14).
The unperturbed invariant now becomes
1 2
W = EB[Jl(X2+H2) - J2(X1+Hl)}
+ a[Jl(X2+H2) - J2(X1+Hl)}'[pl(X2+H2) - nz(Xl+Hl)J
1 2
+ fY[nl(X2+H2) - nz(Xl+Hl)] . (26)

After considerable algebraic reduction employing Egs. (23-25)

one has
_ 1 2 1 2
W= 2(X1+Hl) + 2(x2+H2) {27)
which for s = 0 gives
_1{,2,.2
W(0) = 2(x1+x2) : (28)

STATISTICAL TREATMENT OF FLUCTUATIONS

Chandrashekar2 shows that a density distribution p(W,t) in
which the variable W is governed by a random walk process obeys

the Fokker-Planck equation
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% = %ﬁ[-DlD + %%(sz)] ' (29)
where

D, = & <(AW)>AV (30)
and

D, = & <(AW)2>AV . (31)

the brackets representing ensemble averages.

By associating AW with W({s) - W(0) one has from Egs.

(27-28)
_(aWw) = X8, + X0, + H H, + HH (32)
dt 171 272 171 22
and
4 loamy 2| = 2x®m.f1, + 2X.X.(H H Hy) + 2x%H_1 (33)
dt 17171 l 2 l 2 2272

where higher order terms in Eg. (33) have been dropped. For a

random process

A a: = 0. (34)
l) Av < 2> Av

By the ergodic theorem ensemble averages and time averages are

identical. Hence

<AW>AV = ]2'—(H2+H§) (35)

QJlDJ
o

and

QJID.I
pars

( 2 1 2
(AW %), = PR H #XH,) . (36)
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This last equation after employing Egs. (28) and (35) may be

written as

) a 1(.2 2\ /(.2 .2
< AW) > 2H (0) Jg (AW, , + 5( x2- 2)(H H2) £ 2X X HH,.  (37)

QJ'D-

In Appendix A it is shown that the terms Hi - H% and Hle have

zero mean values. Hence Eg. (37) becomes

S (m 7, = s (0,

where the evaluation of W at £t = 0 is considered to be the value
of W at t on a time scale in which appreciable diffusion occurs.
The Fokker-Planck equation, after employing Eq. (38)

becomes

dp _ |d 0 3p
== = [EE@W)AV] o (wﬁ) : (39)

Clearly it is useful to introduce a new time variable w such that

t
W = I [%E <AW>AV]dt. (40)
o

Then Eq. (39) becomes

30 _ 3 (e |
ow oW ( aw) ’ (41)

which has a fundamental solution.

¥
e ¥ (42)

ke
i
£ =

with the properties
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! pdw = 1 (43)
Q
and
( WpdW = w. (44)
[»]

Since the time variation of W averaged over the distributicn,
here taken initially as a 8-function, is a measure of the growth
in phase space associated with the particles, a determination

of w is the significant gquantity to be found. To this end,

Egs. {(35) and (40) give

t
I
w =5 [ T (H1+H2) dt (45)

thereby reducing the problem to a determination of Hi + Hg.

If the individual contributions to the fluctuations are
independent, one may consider each one in turn and add the
results. Of course, if feedback is employed to correlate AwR

with Aw the problem is more complex and is not considered

RF”

here. For convenience, let

. sincbR
Fs = fAV or f = TR ‘ (46)
. hwR
GBS = gBAB or gB = —Z-g (47)
Y
and
G..8 = or =1 (48)

rFS = IRpPURE
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where s is given by Eg. (6)

Appendix A gives for the contribution to Hi + H% due to

cavity voltage fluctuations
2, .2 € 2
(H1+H2) =7 I R{t)f" (t) Jcav(ﬂ)dt (49)
cav o

where Jcav(ﬂ) is the spectral density of the fluctuation volts

per turn (power spectrum). Similarly
2,..2 € 2
(H1+H2)M =T J Y(t)gB(t)JMag(Q)dt (50)
ag
o]
and
2 .2 t
(§1+H2)RF = 7 J y(t)JRF(Q)dt. (51)
o

In Egs. (49-51), B and y are given by Egs. (23) and (25). The

spectral densities Jcav(ﬂ}, J () , and JRF(Q) are given in

Mag

the Appendix. The frequency { is the synchrotron freguency

s
a=2. (52)

APPLICATION TO BOOSTER

Only the random fluctuation AwRF is significant in produc-
ing a growth in longitudinal phase space area associated with
the beam. The function y(t) characterizing the beam bunch shape

assuming a constant bucket area regime3 is shown in Fig. 1.
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For an estimate of the growth let the captured beam have zero
phase space area. Then Eq. (44) gives the average value of
W = E/27 to be expected at a later time due to random fluctua-
tions in the frequency correcting circuit. Combining Eq. (45)
with Eg. (51) and using Eq. (A-23) for the spectral density

gives
¢ 2
dt
E = 2nkT J =< ] Y.‘TRF(Q)] *Real {ZRF(Q)} dt {(53)
o] o]

The transfer function depends on the synchrotron frequency &,
but, since y is peaked at transition, use TRF{O). The impedance
ZRF(Q) may be ccnsidered independent of frequency, hence also

4
use ZRF(O). Thus put

kT = 5 x 10 %% g

TRF(O) = 27 x 7.5 MHz/V

ZRF(O) = 1 MQ

Appropriate integration using curve in Fig. 1 gives

T t
trans 5. -6 5
y(t)dt = 87 x 10 evV-gsec”.

Hence at transition the beam area has grown by
E = .006 eV-sec. (one bunch)
This is to be compared with an initial beam area of

Ebeam = .02 eV-sec. (one bunch)
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Hence the growth is a significant fraction of the initial beam
since numerical studies5 show that the bucket area is just
sufficient to contain the beam.

The missing bunch6 phenomencon could possibly be explained
by postulating randomly distributed central holes in the trapped
beam due to the microbunches from the linac beam. Since there
are approximately 6 microbunches per booster bunch and the
outermost microbunches are expected to be mixed by nonlinear
forces, it is possible that randomly distributed holes could
be present in the linear region. Subsequent growth of the beam
area could leave only the holes for some bunches. This explan-
ation, of course, assumes that all bunches are subject to some

loss.
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APPENDIX A. Various Integrals and Nyquist's Theorem

Using Egs. (19~20) to define H, and H, one has

% I 38

s 8
0
S (s
- Jo fo [ﬂl(sl)Jl(Sz) + l)J (s )] F(sl}G(sz)dslds2
5
- IO [ﬁl(sz)Jl(sl) + n, (s )J (s ] F(S2)G(Sl)dslds2
(A-1)

(S (S
+ [Jl(sl)Jl(sz) + Jz(sl)Jz(sz)- G(sl)G(sz)dsldsz.

-

5 = | [ﬁl(sl)nl(sz) - ”2(31)”2(52)_ F(sl}F(sz)dslds2

= s .
- Jo [nl(sl)Jl(sz) - nz(sl)Jz(sz)_ F(sl)G(sz)dslds2

7
Eﬁ}sz)Jl(sl) - nz(sz)Jz(sl)_ F(sz)G(sl)dslds2

rS S
+ IO [Jl(sl)Jl(s2) - Jz(sl)Jz(sz)J G(sl)G(sz)dsldsz. {A~2)

=T |

N, (8)n,(s,) + n(s,In,(s,;}| F(s;})F(s,)ds,ds
1P M2 2 172712317 1 2 1772

o
o]

4)]

" =
Lmnl(sz)Jz(sl) + nZ(SZ)Jl(Sl)_ F(sl)G(sz)dslds2

o

nl(sl)Jz(sz) + nz(sl)Jl(sz)J F(s2)G(sl)dslds

b

2

o]

w
—_— —— —— —
0]

o]

:Jl(sl)Jz(s

n
n

|
e, s, sy, e,
o] n

2) + Jl(SZ)JZ(Sl)} G(sl)G(sz)dsldsz. {A-3)

o
o]
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Solutions of Egs. (12-13) consistent with Eg. (14) may

be taken as

S s s
. ds 1 ds . ds
n, = vB sin J = J, = _[%os f -~ = 0 sin f -— (A-4)
1 o B 1 B o ) o B
and
s s s
_ ds o Al ds ds _
ny = VB cos Jo B J2 /E[%ln [o e + o cos Io Eﬁ]. (a-5)

Since F and G are considered to be random variables having no
correlation, all the integrals involving products of F and G

average to zero. The remainder, after using Egs. (A-4) and (A-5})

become

S¢S s
Hi+H§ = J J JB(Sl)B(Sz) F(sl)F(sz) cos ] 2 %5 . dsldsz

0’0 S

sys G(s,)G(s.,) s

+ I ] B(sl)B(sz) [l+u(sl)a(sz)] cos I 2 %5
olo « 1 2 Sl
+ [a(sl)~a(sz)J sin Jsz %i dslds2 ’
s (A-6)
1

2 .2 [S78 $1 as %2 ds
H{-H, = -[o[o JB(Sl)B(Sz) F(sl)F(sz) cos (jo 7 Jo E"'dsldsz

S

8¢s8 G(s,)G(s.,) ] s
+ J f 1 2 [l—a(s Jad{s )] cos f i gﬁ-#[ 2 Q{}
olo /B(Sl)B(Sz) 1 2 o B o B

s 8
- [a(sl)+a(sz)J sin [! 1 %ﬁ + Joz %E] dslds2 : (A-7)

O
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and

_ {3y" . °1 ds 5, as)
2H1H2 = JOJOJB(sl)B(sz) F(sl)F(sz) sin [[ = + IO - dslds2

s;s G(s,)G(s.) s S
- L < [l-a(s Ja(s )] sin J 1ds ("2 ds
!O[O fB(sl)B(sz) 1 2 o B Jo B

s s
+ [u(sl)+a(sz)] cos [J 1 %5 + I 2 %%} dsldSZ' (A-8)

o
It is expected that F and G are each autocorrelated only for
1 = Sz.
however, that Egs. (A-7) and (A-8) contain rapidly varying trigono-

s For s, near s, Eg. (A-6) gives a finite result, Notice,

metric terms for S and s., and, because of this, have zero means.

2
Hence,
2 2 _ -
H] - H; = 0, (a-9)
and
H,H, = 0. (A-10)
The contribution to Hi + Hé from F becomes, after setting

t2 = t1 4+ T and letting the limits on T be i» since only the con-

tributions near T = 0 are significant,

o t
(Hi+H§) - ‘ dt cos @t {JB(tl)B(tz) £(£)) £ (tpr1) -
cav o

-0

AV(tl)AV(tl+T)dtl. (A-11)
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Note the change in independent variable from s back to t and the
use of Eg. (47) in expressing F. Also note that the synchrotron

frequency 2

0 == {A-12)
B
has been introduced and that because t, = ty
ty
I 2 dt = QT. {A-13)
€

Since the inner integral in Eq. (A-11) is the product of a smooth
function of time, say R(t), with a random function AV(t)AV(t+T),
it may be evaluated as follows. Designate the integral by I.
Then, breaking up the integral into time slots At that are large
compared with 1 but small compared with the total excursion of t,
one may write

I =) R(t)At - AV (t) AV (t+T1)dt. (A-14)

==
o

t.+At
( i

t,
i

However, the correlaticn function of the fluctuating voltage is

AV(tYAV(t+T)dt (A-15)

Dt}—'
ot

t.+AE
i
ci{t) = {

t.
i

independent of ti and At by virtue of attributes of the random

process. Thus, Eg. (A-14) becomes

t
I =C(t} I R{t)dt. (A-16)
o}
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Accordingly,

t
2,..2 _ 2
(H1+H2) =T { B(t) f (t)Jcav(Q)dt, {(A-17)
o]
where

_1 [ -
Jcav = = [ C(r) cos Qtdt {(a=-18)

-

is the power spectrum5 of the fluctuating voltage.

Nyquist's theorem7 states that the power spectrum is equal to
J (@) =2 kT R___(2) (A-19)
cav T

where Rcav(ﬂ) is the real part of the impedance loocking back into
the sum of all the cavity voltages, k is Boltzmann's constant,
and T is the absolute temperature.

The contribution to H2 + H2

1 2 from that part of G due to mag-
netic field fluctuations AB evaluated is a manner similar to that

of Eq. (A~1ll) is

HZin2 = c (£) g2 (£)J Q)d A-20
1 2 =T Y )gB ) Mag( ) tr ( - )

where

2
kT - ‘TB(Q)I Real {z{M)} (A-21)

AN

JMag(Q)

is the spectral density of the fluctuating magnetic field. Here

TB(Q) is the transfer function8 between the azimuthally averaged
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magnetic field and the excitation voltage and Z(Q) is the impedance6

of the entire ring of magnets.

Finally, the contribution to Hf + H2 from that part of G due

2
to low level RF fregquency AwR is

F

t

(H2+H2) - 'rrI y(t) g2 (£)T._(2)dt (A-22)
172/ e RF RF
O
where
2 2 e

JRF(Q) = = kT - TRF(Q) + Real {ZRF(Q)} (A-23)

is the spectral density of the fluctuating RF angular frequency.
The transducer frequency response varies4 from 27 x 10 MHz/V at
injection to 27 x 3 MHz/V at full energy. The impedance ZRF(Q)
is about 1 MQ and is obtained by observing4 an rms noise voltage

of 40 uV in the 75 kHz bandwidth circuit.
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